Abstract. The aim of this paper is to introduce the notion of a generalized α-Geraghty contraction type mapping in b-metric spaces and state the existence and uniqueness of a fixed point for this mapping. 
Introduction
The Banach contraction principle is a useful tool in the study of many branches of mathematics and mathematical sciences. This principle was improved, generalized and extended in various ways and many fixed point results were obtained. One of the interesting generalizations of this basic principle was given by Geraghty [15] in 1973 by considering an auxiliary function. After that, Geraghty's result was generalized and many fixed point results were stated in many ways [4, 9, 10, 16, 21] . In particular, Popescu [26] generalized the obtained results in [10] by using the concept of triangular α-orbital admissible mappings and studied other conditions to prove the existence and uniqueness of a fixed point of α-Geraghty contraction type mappings in complete metric spaces. In 2016, Arshad et al. [2] introduced a generalized contraction by using the concept of triangular α-orbital admissible mappings and stated some fixed point results in the setting of the Branciari metric space.
In recent times, there were some new approaches to the generalization of the Banach contraction principle on complete metric spaces. In 2004, Ran and Reurings [27] stated a generalization of Banach contraction principle by using a partial order on a metric space. In 2008, Suzuki [30] proved a generalization of Banach contraction principle by using a contraction condition depending on a non-increasing function θ : [0, 1) −→ [ 
, y) to a quasi-contraction condition. The authors also stated a unique fixed point theorem which is the generalization ofĆirić fixed point theorem in [11] .
Another way to generalize Banach contraction principle, appealing to many authors, was replacing the given metric space by some generalized metric space and stating analogues of fixed point theorem on metric spaces. In this way, there were many generalizations of a metric space and many fixed point theorems on generalized metric spaces were stated [5] . Note that b-metric is a generalization of a metric that was introduced by Czerwik in [7] and then extensively used by Czerwik in [12, 13] . The first important difference between a metric and a b-metric is that the b-metric need not be a continuous function in its two variables, see [22, Example 13] . This led to many fixed point theorems on b-metric spaces being stated, so the readers may refer to [1, 3, 6, 8, 17, 18, 19, 20, 24, 25, 28, 29] and references therein.
In 2011, Dukić et al. [14] generalized the class of functions F to the class of functions F s for some s ≥ 1. By using the function β ∈ F s , the authors stated the existence and uniqueness of a fixed point for Geraghty contraction type mapping in b-metric spaces.
The aim of this paper is to introduce the notion of a generalized α-Geraghty contraction type mapping in b-metric spaces by adding four terms d(
Definition 4] and state the existence and uniqueness of a fixed point for this mapping. Some examples are given to illustrate the obtained results and to show that these results are proper extensions of the existing ones. Then we apply the obtained theorem to study the existence of solutions to the nonlinear integral equation.
Preliminaries
The following interesting result was given by Geraghty [15] in 1973 by considering an auxiliary function.
) be a complete metric spaces and T : X −→ X be a mapping. Suppose that there exists β ∈ F such that for all x, y ∈ X,
where F is the family of all functions
Then T has a unique fixed point z ∈ X and {T n x} converges to z for each x ∈ X.
In 2014, Popescu [26] studied the existence and uniqueness of a fixed point of α-Geraghty contraction type mappings in complete metric space.
Definition 2.1. [26] Let T : X −→ X be a mapping and α :
Definition 2.2.
[26] Let T : X −→ X be a mapping and α :
2. α(x, y) ≥ 1 and α(y, T y) ≥ 1 imply α(x, T y) ≥ 1 for all x, y ∈ X.
Definition 2.3.
[26] Let (X, d) be a metric space, α : X × X −→ R be a function and T : X −→ X be a mapping. Then T is called a generalized α-Geraghty contraction type mapping if there exists β ∈ F such that for all x, y ∈ X,
where
The notion of a b-metric space and some notions on b-metric spaces was introduced as follows.
Definition 2.4.
[13] Let X be a non-empty set and d : X × X −→ [0, ∞) be a function such that for all x, y, z ∈ X and some s ≥ 1, 
1.
1
Dukić et al. [14] stated the existence and uniqueness of a fixed point for Geraghty contraction type mapping in b-metric spaces by using the function β ∈ F s .
Lemma 2.2. [26]
Let T : X −→ X be a triangular α-orbital admissible mapping. Assume that there exists fixed point z ∈ X and {T n x} converges to z for each x ∈ X.
Main results
First, by using the function β ∈ F s and adding four terms
to the generalized α-Geraghty contraction condition in metric spaces, we introduce the notion of a generalized α-Geraghty contraction type mapping in b-metric spaces.
Definition 3.1. Let (X, d, s) be a b-metric space, α : X × X −→ R be a function and T : X −→ X be a mapping. Then T is called a generalized α-Geraghty contraction type if there exists β ∈ F s such that for all x, y ∈ X,
The following theorem is a sufficient condition for the existence of the fixed point for a generalized α-Geraghty contraction type mapping in b-metric spaces. 
T is a triangular α-orbital admissible mapping.
3. There exists x 1 ∈ X such that α(x 1 , T x 1 ) 1.
T is continuous.
Then T has a fixed point z ∈ X and {T n x 1 } converges to z.
1, we construct a sequence {x n } by x n+1 = T x n for n ≥ 1. By using Lemma 2.2, we have α(x n , x n+1 ) 1 for all n 1. Since T is a generalized α-Geraghty contraction type mapping, we have
We also have
This implies that
From (3.2) and (3.3), we have
This implies that
This leads to a contradiction with s 1. Therefore, max d(
It follows that {d(x n , x n+1 )} is a non-decreasing sequence of non-negative real numbers. Therefore, there exists r ≥ 0 such that lim n→∞ d(x n , x n+1 ) = r. We will show that r = 0. On the contrary, suppose that r > 0. From (3.5), we obtain
Letting n → ∞ in (3.6), we get
This implies that lim
which contradicts r = 0. Therefore, we conclude that
Next, we will prove that {x n } is a Cauchy sequence. On the contrary, suppose that {x n } is not a Cauchy sequence. Then there exists ε > 0 for which we can find two subsequence {x n(k) } and {x m(k) } of {x n } such that m(k) is the smallest index satisfying m(k) > n(k) > k ≥ 1 and
Then, from (3.8) and (3.9), we get
Letting k → ∞ in (3.10) and using (3.7), we have
From (3.8), we again have
Letting k → ∞ in (3.12) and using (3.7), we have
From (3.9), we also have
Letting k → ∞ in (3.14) and using (3.7), we get
Combining (3.13) with (3.15), we obtain
From (3.8), we also have
Letting k → ∞ in (3.17) and using (3.7), we have
Letting k → ∞ in (3.19), (3.20) and using (3.7), (3.16), we get
We again have
Letting k → ∞ in (3.22), (3.23) and using (3.7), (3.11), we obtain
Letting k → ∞ in (3.25), (3.26) and using (3.7), (3.9), (3.18), we have
Letting k → ∞ in (3.29) and using (3.7), (3.16), (3.18), (3.21), (3.24) and (3.27), we have
Letting k → ∞ in (3.28) and using (3.30), we have
This implies that lim sup
We conclude that
Similary, we also see that
Combining (3.31) with (3.32), we conclude that lim
Cauchy sequence in (X, d, s). Since (X, d, s) is complete, there exists z ∈ X such that lim n→∞ x n = z. Since T is continuous, we obtain z = lim
In the following theorem, we replace the continuity of a mapping T in Theorem 3.1 by another condition. 
T is a triangular α-orbital admissible mapping.
If {x n } is a sequence in
1 for all n 1 and lim n→∞ x n = x ∈ X, then there exists a subsequence {x n(k) } of {x n } such that
Proof. Following the lines in the proof of Theorem 3.1, we conclude that the sequence {x n } by x n+1 = T x n for n ≥ 1 converges to z ∈ X. By using hypothesis (4), we deduce that there exists a subsequence {x n(k) } of {x n } such that α(x n(k) , z) ≥ 1. Since T is a generalized α-Geraghty contraction type mapping, we obtain
On the contrary, suppose that T z = z. Then d(T z, z) > 0. Letting k → ∞ in (3.34) and using (3.7), Lemma 2.1, we have
Letting k → ∞ in (3.33) and using (3.35), Lemma 2.1, we get
Similarly, we also see that
Combining (3.36) with (3.37), we get lim
have lim n→∞ C s (x n(k) , z) = 0, which 0 (3.35). This implies that T z = z. Therefore, z is a fixed point of T . Since lim n→∞ x n+1 = z and x n+1 = T x n = T n x 1 , we get that
The following theorem is a sufficient condition for the uniqueness of a fixed point for a generalized α-Geraghty contraction type mapping in b-metric spaces. Then T has a unique fixed point.
Proof. By Theorem 3.1 and Theorem 3.2, T has a fixed point. Suppose that x and y are two fixed points of T with x = y. By using hypothesis (2), there exists
Continuing this process, we get α(x, T n v) ≥ 1 for all n ≥ 1. Similarly, we also see that α(y, T n v) ≥ 1 for all n ≥ 1. Since α(x, T n v) ≥ 1 and T is a generalized α-Geraghty contraction type mapping, we obtain
It follows from Theorem 3.1 or Theorem 3.2 where x 1 is replaced by v that there exists z ∈ X such that lim n→∞ T n v = z and T z = z. On the contrary, suppose that x = z. Letting n → ∞ trong (3.39), we have
Letting n → ∞ in (3.38) and using (3.40), we have
Therefore, we conclude that
Combining (3.41) and (3.42) gives lim
follows that lim n→∞ C s (x n , x n+1 ) = 0, which contradicts (3.40). It implies that x = z and hence lim
Similarly, we also see that lim n→∞ T n v = y. Then, we conclude that x = y and hence T has a unique fixed point.
Since each metric is a b-metric with s = 1, from Theorem 3.1, Theorem 3. 
T is a triangular α-orbital admissible.
T is continuous.
Then T has a fixed point z ∈ X and {T n x 1 } converges z. 
2.
T is a triangular α-orbital admissible.
4.
If {x n } is a sequence in X such that α(x n , x n+1 ) 1 for all n 1 and lim n→∞ x n = x ∈ X, then there exists a subsequence {x n(k) } of {x n } such that
Then T has a fixed point z ∈ X and {T n x 1 } converges z. Then T has a unique fixed point. [14, Theorem 3.8] .
Finally, we give some examples to support our results. The following example is an illustration of Theorem 3.2. This example also proves that Theorem 3.2 is a proper generalization of [14, Theorem 3.8] . if xy > 0 0 otherwise.
We claim that T is triangular α-orbital admissible mapping. Indeed, for x ∈ X such that α(x, T x) 1, it implies that x ∈ {−1, 0, 1}. Then α(T x, T 2 x) = α(0, 0) = 1. It implies that T is α-orbital admissible. For x, y ∈ X such that α(x, y) ≥ 1 and α(y, T y) ≥ 1, it follows that T y = 0 and x ∈ {−1, 0, 1}. This implies that α(x, T y) ≥ 1. Therefore, T is a triangular α-orbital admissible mapping.
Let {xn} ⊂ X such that α(xn+1, xn) ≥ 1 and lim n→∞ xn = x ∈ X. We conclude that x, xn ∈ {−1, 0, 1} and hence α(xn, x) ≥ 1.
Finally, we claim that T is a generalized α-Geraghty contraction type mapping with β(t) = 1 3 for all t ≥ 0. Indeed, for all x, y ∈ X, we consider the following cases. This implies that sα(x, y)d(T x, T y) ≤ 2 × 0 × y 2 = 0 and β(Cs(x, y))Cs(x, y) ≥ 4y 2 3 .
By the above cases, we conclude that sα(x, y)d(T x, T y) ≤ β C(x, y) C(x, y) and hence T is a generalized α-Geraghty contraction type mapping. Therefore, all the hypotheses in Theorem 3.2 are satisfied. So, Theorem 3.2 is applicable to T , α, β and (X, d, s).
The following example proves that Corollary 3.1 is a proper generalization of [26, Theorem 4, Theorem 5]. Let T : X −→ X be defined by T 1 = T 2 = T 3 = T 4 = 1, T 5 = 2. Then T is triangular α-orbital admissible. Indeed, for x ∈ X such that α(x, T x) 1, we conclude that x ∈ {1, 2}. Therefore, α(T 1, T 2 1) = α(1, 1) = 1. This implies that T is α-orbital admissible. For x, y ∈ X such that α(x, y) 1 and α(y, T y) 1, we have x, y ∈ {1, 2}. This implies that α(x, T y) = α(1, 1) = 1. Therefore, we conclude that T is triangular α-orbital admissible. Let β(t) = 2 3 for all t ≥ 0. For x, y ∈ X, put L = α(x, y)d(T x, T y), R = β(C(x, y))C(x, y) = 2 3 C(x, y).
Then we have the following table. (1). We claim that T is a generalized α-Geraghty contraction type mapping.
Indeed, let q > 1 such that 1 p + 1 q = 1. From condition (4), for all u, v ∈ C[a, b]
